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bﬁ\. ABSTRACT

kN

" As an application of the technique employed by the author in a series of

é{; papers [13) - [16], some results are established concerning convergence of the
g8

ikz method of tangent hyperbolas for solving nonlinear equations in Banach spaces
g

0y as well as existence and uniqueness of solution. The results are compared

'i'.;'. with those obtained by Ddring {4}. -~ ~
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2k SIGNIFICANCE AND EXPLANATION !

SN Finding sharp error bounds for iterative solutions of nonlinear equations
. is one of the important subjects in numerical analysis. This paper gives a
AT simple technique for finding sharp error bounds for the method of tangent

: *’ hyperbolas in a Banach space.
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31 ON THE METHOD OF TANGENT HYPERBOLAS IN BANACH SPACES
b
l*, Tetsuro Yamamoto*
‘.‘r*',""
‘ 1. Introduction
r."
. L]
ol Let X and Y be Banach spaces and F : DC X+ Y be twice Fréchet
i‘
" ? differentiable in an open convex domain Dj C D. Then the method of tangent
b .'
- hyperbolas for solving the equation
B
1Ry F(x) = 0 (1.1)
1, \\
" is defined as follows:
* Y,
-1
- Xn+1 = X (x,) F{x;) , n2 ’ (1.2)
o
;gsi where x5 € Dy and A(x) is defined by
oy A(x) = P'(x) - -;- F"(x)F' (x)" (%) (1.3)
: provided that A(xn)'1 as well as l“'(xn)"1 exists at each step. This is a
&L,
jti variant of Newton's method and the procedure may also be written as
PaAr)
CAD)
bt F'ixy) + Flix,)e, =0 , (1.4a)
1
af.? F(x,) + FP'(x,)d, +-5 F*(x,)c,d, =0 (1.4b)
D)
s
)
';.f Xpp1 =X, +d4, , n20 ., (1.4c)
Y
0N
; There is much literature concerning convergence and error estimates for
b
3?2 the method. Among others, Mertvecova (9) and Safiev [12] gave convergence
-“"
Bt
":i theorems of Newton-Kantorovich type for (1.2), whose proofs are based upon
LI
recurrence relations similar to Kantorovich's one for Newton's method (cf.
Vad
‘ii: [6]1, [10]). The more detailed and sophisticated discussion was given by
p %!.‘
fﬁ Déring (4], where an abundant list of references can also be found. The other
En'l.
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:: H;S:; convergence proofs which use the majorant principle ((7), {8]) due to

3%;:‘ Kantorovich were given by Altman (2], safiev [11] and Grebenjuk [5].

,;::"*" In this paper, as an application of the technique employed by the author
ﬁ;'t, in a series of papers [13] - [16], we shall establish some results on

‘-:: convergence of the method of tangent hyperbolas under the weaker assumptions

’{" :‘ than theirs. First, in §2, we shall derive several basic results on

?:::' convergence and error estimates for the method. Next, in §3, we shall apply

ii‘:". the results to establish a semi~local convergence theorem for the method,

which corresponds to the theorems for Newton's and Newton-like methods

obtained in [14] and [15]. Finally, in §4, our results will be compared with

5'?‘! those obtained by Ddring [4].
..F .‘
e
\. 2. Preliminaries
5".:
" According to Safiev [11], [12], but slightly changing his notation, we
R~
¥ assume the following, throughout this paper:
,:j I. The operator T = F'(xo)'1 exists.
Lo
"*'3' II. g = 1T P(x )l > 0, M = IT FP"(x )1 > O.
:4 0 0
{, )
e III. AT(P"(x) - F*(y))l & Nix-yl, x, y € D, N > 0.
.l’t"‘!
.):‘I‘ IV. The equation
o J
At 1 3 1 2
) —_ - - + =
:.:.f|$ £(t) = g N™ + oMt t+C7 =0
ks * ' * TS
has (one negative root and) two positive roots t , t such that t <t .
b
‘, -1, Equivalently
A
g
':4 M2 + an - WM2 4 o
A0S £ g ’ (2.1)
o
. N + /M2 + 2N)
e
e where the equality holds if and only if I (This follows from
“-.
25 - -
Rad; £(£) < 0 with t = 2/(M + /M + 2N), the positive root of £'(t) = 0.)
‘.lc y Let
W "
u"'
' $:
f‘l
YA -2-
N
" l.‘
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alt) = £1(¢) --;— £ (e)er (£)~TE(e)

and define the scalar sequence {t } by

ady tg = 0, tryq =t -alt) 'E(t), n>0 . (2.2)
L%
) ’ 4 * 3
\;_ Then, under an additional assumption s-t < t, or, equivalently, f(z-t) < 0,
s
ey
* Altman [2] proved that the sequence {t,} and {x,} are well-defined,
i
'f; converge to t* and a solution x' of (1.1) respectively, and
Xy i i Ix P et 0 3
*: xn+1 - xn < tn+1 - tn' X - xn g t - tn' n > . (2.3)
iy That is, {t,} is a majorizing sequence for {x,}. Grebenjuk [5] also proved
'3§ (2.3) by assuming £(27) < 0. Furthermore, Safiev [11] proved the same result
s
;:4 under the assumption that
<
N
ho=M ¢ (2+y) (2.4)
. -
o with Y = NM"2, and
o
L £R (L)€ (£)"2F(L) < 0 < 2 (2.5)
O =
*-’
* for t ¢ [O,t*] with a positive constant 0. As is easily seen, the
E;ﬁ condition (2.4) is stronger than (2.1), and (2.5) follows from (2.1) with
W 1 Viey2 " .
. uj g = > since we can show that f£'(t)c - 2f"(t)f(t) > 0 for O St <t
=
40
o In this section, we improve (2.3) under the assumption (I) - (IV). We
?;ﬁ first prepare some elementary lemmas.
Y
Ades Lemma 2.1. The sequence {t,} is well-defined and
i N
'l LR )
B 0=t°<t1<t2< + t .
ﬁﬁ: Proof. It is easy to see that
oy f(t)
Thit £'(t) <a(t) <b= -~ —=w<¢0
o5 t -t
. for 0 <t < t'. This implies that, if ¢t  1is defined for some n > 0 and
e 4
":::" *
,::‘.:: 0 £t, <t , then
:'.‘:l
e - £(e))
,,l’. = —-—-— .
d ta <t =t - £t ) <tn+1<t
.
\."
.*l
s N
7,
‘:j -3=

‘r-

sw’&*vf

. - -q"
‘. ( ) "1‘.‘. ¥,




S
St E

(Consider three lines which pass through the point (th, £(t,)) with the

slopes f'(t,), a(t,) and Db. Then the lines intersect with the t-axis at
(§n+1, 0), (ty4qr 0) and (t., 0).) starting with t, = 0, we can repeat
the above argument. Q.E.D.

Remark 2.1. By Brown's remark [3], the sequence {tn} is identical to
Newton's sequence applied to the function g(t) = =f(t)/=f'(t). This gives
us another proof for Lemma 2.1, since we can prove that g(t) < 0, g'(t) > 0
and g"(t) < 0 for O gt t*. Also see Alefeld [11.

Lemma 2.2. The iterates (1.2) are well-defined for every n 20 and
converge to a solution x'  of {1.1). More precisely, we have (2.3).

Proof. The same proof as in Altman [2] and safiev [11] works, since,

under our assumptions (I) - (IV), I = 1"'(::“)"1 exists for every n > 0 and

we have
IT FT(x 0 R ) (2.6)
IT F'(x)0 g ~£'(e )7, (2.7)
ir ?(xn)l < f(tn) . (2.8)
Q.E.D.

Lemma 2.3. The following inequalities hold:

IT F*(x_ + td )l < £"(t_ + tAt )
n n’ = n n

’
’

* *
TP (xn + t(x - xn))l < 4 (tn + t(t - tn))

lI‘{F"(xn + tdn) - F"(xn)}l < f”(tn + tAtn) - f'(tn)

and
* *
lI‘{F“(xn + t(x - xn)) - F'(xn)}l < f"(tn + t(t - tn)) - f'(tn)

where d, = x,,.q4 = %X, At =t 4 -t and 0 ¢t < 1.
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.:: Proof. We have

"W,

'll - L -

::: ir E“"(xn + .dn)l § Ir(e (xn + tdn) F"(xo)}l + IT l"'(xo)l
7‘«!
;’ < N{clxwM - xol + (1-t)lxn - xol} + M

; < Nt t* (1-t)tn} +M |
& £ tA

) = (tn + tn) ¢ atc.

'.. Q-EoDo

'y

)

*':“S lemma 2.4. We have

(]

"' * * 3

Ix = xn+1l Ix = xnl

! * - ( L } ’ n = 0 ¢

: t - n+1 t - tn
et

o

) Proof. Let I, = F'(xn)"‘. Then we have

o =y = xt = 4 Al 7RO

»

"

"y - - -1 * - - ' . - - l " * - 2
L3 A(x,)” {F(x) F(x ) = F'(x )(x x ) =5 F(x )x x )
B FUPUX) = MxMX =% ) + 2 E(x )(x -x )3

0 n n n 2 n n

e
;:o A(xn) F(xo) [fo (1-t)r{F'(xn + t(x xn)) P"(xn)}(x xn) at
e r{e +1pe * box"

h + (xn) - A(xn) 7 F (xn)(x - xn) {(x = xn)]
" and
i 1 *
5 F'ixy) = Alxy) + 5 F'(x )(x = x )
W =) Pvx )P P(x ) + > Fx )x - x)
2 n n n 2 n x n

13¥
;o ..lp-(x )T {(F(x ) + P'(x )(x’-x )}
13y 2 n n n n n

N 1. 1 . . * 2
r = 3 PO )T P'(xg) [o (1=6)F F(x_ + t(x = x )(x =x )%t .
o Hence we obtain from Lemma 2.2, (2.6) - (2.8) and Lemma 2.3
'\
)
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O Ix - - TN et 3
el x xm_1l < a(tn) [6 (t tn)
By

2%

L v:i

:‘,S:t

-2 ee e e ) [V Getyemce + e - € e - ¢ y3at)
2 n n 0 n n n

g
Ity
1820 *
"i.l"': (lx - xnl 3
) —_Tn
) -
::.gl t tn
= =t ) ey - fe ) ~ et — ey - eme )2 - D
n n n n 2 n n
;-"
‘ 4
i .
e . 1 - 2 Ix - xnl 3
+UE (e ) ~a(e Dt =t ) += £t )t =t )] (———D)
n n n 2 n n t. -t
%, n
S ! * 3
1‘ 'y -« -1 Ix = xnu
:‘_] ={t -t +ae) e} (——)
¥ t -t
el n
* 3
‘:&‘ (t. . ).(lx - xnl)
[} ¥ n+1 t' -t
o) n Q.E.D.
':, y Lemma 2.5. We have
el * - 1 t* - 0
x;; t tn+1 < 5‘ ( tn) s N ?' ’ (2.9)
o
'U::‘E or
Y * 1
A th - tpg <At , n30 . (2.10)
(,:,t Proof. The inequality (2.9) is equivalent to
g.yl
; 'y 2 « f(tn)
< -t ) +— .
; 3 (t n) a(tn) <0
'.Q i t* = t", then, considering Taylor's expansion of f£(t), £'(t) and
L
;“f‘ £"(t) about t*, we can easily prove that
S
N
- 2 f(t) »
A = + ——=« < .
3 (t -t) aey 0, 0<¢t<t
"
,:::'1‘ Therefore, (2.9) holds in this case. If t* < t*", then there exist
LM ¢
P ~ ~ ~ ~ ~
.::::: constants M and N such that M > M, N > N and the equation f(t) =
)
] 1~ 3 1~ 2 ~t kw ~
gNt +7Mt" =t +7 =0 has positive double roots t =t . Let {tn}
i
by )
SheY -6=
Yoy

o A - st AR n iR I %.' AN ey

J'.(’,- n,.'.( ?.F.H- -PV v~ )'J'J'.r_c -%f.‘\..qﬁ_ O, O k{\. .\‘ .‘.\‘..F_‘\_.P&
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be the sequence obtained by applying the method of tangent hyperbolas to

?(t) =0 with t, = 0. Then, f£f(t) é%(t) for t > 0 and an application of

1) 0
’.':;- the majorant theory (Lemma 2.2) implies that ¢t .4 - t, < i:m’(| - tn and
) »* ~® ~
:, t - tn it - tn- Furthermore, we have from Lemma 2.4
AR
'
* * * 3 *
% t - n+1 t -tn t -tn
~R ~ g (~. ~ ) i ~%® ~ e D ; 0 *
" t - n+1 t -tn t -tn
X
This leads to
3
':' tt Atoi ~
" n+1 < n+1 < 1
* ~R ~ 3 ¢
K t -t t -t
a‘: n n
-
e Q.E.D.
J-'
N We are now in a position to prove the following:
. Theorem 2.1. Let Tn‘ and on* be the smallest positive root and the
vy
:’{ unique positive root of the equations
'2; 3
; Pn(t) 2 kit -t+6n=0
and
|
‘ »
et bolt) =k td+t -6 =0 ,
»
L), * * 3
respectively, where «x, = (t - tn+1)/(t - t,) and ‘Sn = Ixm_1 - xnl > 0.
g Then we have
-*:
*
é] an' $Ix ~ xnl < tn' .
Y and
. I * * 6
;\ X =X .4 §Tn-n,n;0.
i“\'{ Proof. By Lemma 2.4 we have
l.
'5.‘- * * * 3
~ Ix =x ¥t -8§ <Ix =x P <xIx ~-x1 v
n n = n+t = n n
) «
‘o which implies on(lx - xnl) 2 0. The function ¢,(t) attains the local
%
\ minimum at t = T, = “3Kn) 1 and, by lLemma 2.5, we have t' - tn < The
. !
:‘,l
Furthermore,
W N
u' 'n(t - tn) = Gn - Atn S 0 .
LJ,;
e
e -7-

K . -~ P TRt M m m . -
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* *
Hence the equation ¢, (t) = 0 has distinct positive roots 1, , T, * such

that Tn. < Tn.', and we should have ¢n(tn) < 0, which implies

* * *
Ix - x1 <1 <t =t <1 <7
n = n = n n

E 4 4
n

L 4
since it is known by Lemma 2.2 that Ix - xnl < t* - t,. To obtain lower

*
bounds, we use Gragg-Tapia's technique: The inequalities Gn -Ix = xnl <

Ix' - xn+1l £ xnlxt - xnl3 mean wn(lx. - xn') >0, from which we obtain
n*' where un’ denotes the unique positive root of the equation
¥,(t) = 0. Finally we have
Ix - xn+1l £ Knlx* - xnl3 < Knrn*3 = Tn* - Gn’ n>o0 .
Q.E.D.
Corollary 2.1.1. The follwoing error estimates hold:
0.89 6, <1x -x1 <156 , n3o0 , (2.11)

and

*
lx o xn+1l < 0-5 6“ . (2-12)

Proof. Let 1, be as defined in the proof of Theorem 2.1. Then ¢,(T,) =

2 3 2 4
$p =5 T, ¢ 0 mean 1,> 3 Gn- Hence we have . §,° < 5— and

3
3 4 3 3
P(=8 ) K m—m—e (56 ) ==8 +6 =0
2 n 278 2 2 n 2 n n
n
* 3 * * 1 -_—
so that Tt <=8 and Ix - x t < -8 <=6 . Next, let o be the
n 2 'n n+1 = n n 2 'n n
positive root of the equation
4 3

¢n(t)

276
n

- —
Then we have dn < on' since wn(t) > wn(t) for t > 0. The proof is

completed by verifying ¥(0.89 Gn) < 0.
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Y] 3. Main Theorem

i

o On the basis of the results obtained in the previous section, we can now
fyh
) prove the following Newton-Kantorovich type theorem:

\ Theorem 3.1. Tn addition to the assumption (I) - (1IV), assume that

o — * *
s = S(x1,t -t1) ={xe X | Ix-x1l gt -t1} c Do. Then:

v (i) The iterates (1.2) are well-defined for every n 20, lie in s
:.'.'5 (interior of E) for n 2 1 and converge to a solution x* of the equation
-

-~

Y (1.1).

v

1 (ii) The solution is unique in

.(-'

,r: L 2 . 1 2]

o S(x,.,t )ND (if £t <t )

o - 0 0

7 S =

' - 1 2] * *k

g S(xo,t )ﬁD0 (if £t =¢t ) .
',:f: (iii) Error estimates
e * * *
AN o] <Ix =-xT <
Db~ o n = n = n

¥ ::- t*

- <8+ ';” s 3

o (at_) n

o n
!.. ~ -

:J < £ tn+1 § t* t > 0
‘!_-: = Atn n § n ¢ 2
".':\I and
e et -t
l’ “. * -
Ix =-x1 < n 63 s, n > 1

< n = (At )3 n-1 =
.‘.."' n"1

g

J * *
}\3 hold, where o, and T, are defined in Theorem 2.1.

s

T

¥ Proof. (i) was already proved in Lemmas 2.1 and 2.2. To prove (ii), let
<V, ~ % ~ * *

-~ X be a solution in S. Then, replacing x and ¢t in the proof of Lemma
}"r: ~® 'Y ]
o 2.4 by x and t , respectively, we have
R~

iy ~h ~ 3 ~w an+1

; Ix - x ' Ix -x1} Ix - x 0 n+1
- n+1 n ese 0 = 3
:l:'\ e b 3 bt b e =f *
" t -t t -t t
A n+1 \ n
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(Observe that

1r ¢f < ¢,

E LY *
LR I

as n + o,

L1 vn(sn

) *
"

a5 t

A

~e
This implies «x

»
+ (t

*
(t

~t
- +
£ N{tlx xol (1-t)lxn-xol} + M

;24
< N{et + (1-t)tn} +M

- L 2 3
= £ (tn+t(t - tn)), ete. )

then p ¢ 1. If t" =t% then o ¢ 1

as n + »,

Therefore, in any case, we have

l~*
X - X
n+1

-t 3n+1

-t )P + 0

' é (¢ n+1

*
= lim xn =X .
n+*eo

Finally, to prove (iii), we see that

n
te (7))
n

t* t 3 t' t
- tn+1 (6 + n+1 -

- tn)3 n Atn n 3 n

¢§' Therefore, we obtain

and
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‘¢ Corollary 3.1.1. The following error estimates hold:

! § 2
% - 1/ n 3
. Ix -xnl<{1+5 ATm-) }Gnﬁisn ' (3.1)
&
3 § 2
) Ix =x 0 <x(2) 6 <46 n>0 (3.2)
; n+1 2 ‘At n=2 n ' - !
!“‘ n
provided that §;, > 0.
¢
) —_— - —_ - —_
. Remark 3.1. Choose constants N, M and [ such that N 2 N, MM,
) T > and the equation f(t) = ENt +%it2-t +7 =0 has positive
L =
solutions. Define the sequence {E;} as the sequence generated by the method
¥,
O - -
fj of tangent hyperbolas applied to the equation f£(t) = 0 with to = 0. Then, by
N -
N the majorant theory, we have At, < Atn. Hence, if we replace At, in (3.1)
b\
and (3.2) by Atn, then sharper error bounds will be obtained.
fj
; 4. Comparisons
K)

It would be interesting to compare our results with known ones. We first

observe that the conditions (I)- (IV) imply that

= g i

b
. IT P (x)1 g IT(F"(x) = F™(x ) )8 + IT F"(x )
N
o < NIx = x 1 +M (4.1)
;; £ Nr + M
g —-—
‘ﬁ for every x ¢ S(xo,r) E.DO' where r 1is a positive constant.
As a modification of Mertvecova (9] and Safiev [12], Déring essentially
- proved [4; Satz 2.1] that if § = S(x,,26)) C Dy, Il F"(x)) g K for every
:W x €8S, K§. ¢ Al and N6°2 < 217 then {x.} converges to a solution x' and
" 0 =2 = 50 n
L)
s"
Re
3
N
N -11-
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U
Y
i
g .
W Ix - x1 ¢ 28
I n
L
73
1w? 41 -
% 1§ ®pg * I A, - o) (4-2)
i 2 s N = 1 ’
e 1% My
'Z!"g
' where {8.} anad [nn} are defined by
v
b n-1
':i 8o 1y ng=%5,, 8 T e, =K S ,n21 .
o n—~1
o - _
! Furthermore, if |IT F'(x1) P < 1, then the solution is unique in S. Under
R our assumptions (I) - (IV), we can choose K = 2N60 + M (cf. (4.1)). Then, the
i condition KGO g:} is equivalent to 4N6% + 2M60 < 1, and
J‘
& 4 2 1 1 1
i f(zGo) -§N60 +M60 50 < (-3-'0' 7 1)60 350 <0 .
fl
‘ Hence we obtain t" < 260 < t". It now follows from Theorem 3.1 and Corollary
{:; ~ L 2 4
> 2. 1.1 that the solution is unique in S = S(xo,t YN Dy hence, in
— — *
' S = S(xo,260) and Ix = xnl < %Gn- Therefore we can replace the factor 28
g
)
) in DSring's bound (4.2) by the smaller factor %B .
N - -
ol Déring also proved the following [4; Satz 3.1]: If S = S(xoa%C)C Dgs
:‘. IT P*(x)) < K for every x € s, 3K ¢ 1 and 3N§2 < 1, then {"n} converges

to a solution, which in unique in S and

L o8 (4.3)
& x xn ﬁ g Cn
W 8, 1.3 1
:. iz Bn(-s- NGn_1 t3 x4 - cn_1l6 _1), n>1 , (4.4)
o
» <88 In+loxsd 0>

=5 6 4 n n=-1' !
R: (4.5)
o
1o where cp = =T F'(xp), dy = Xp4q = Xps &y = Ic | and {B;) is defined by
[)
Y B

6 n-1

. 80-1.n°=-5-xl.8n 1""n-1 eon gennn.ngt .
%

R 1S 1% % 1
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it \‘ i ‘q % v'.s' M
g netalsy l ‘\
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Choose K z%ﬂc + M according to (4.1). Then, the condition 3K < 1 is

equivalent to 248;2 + 1SMg < 5 (the condition 3&2 £ 1 is then automatically

¥,
o
[ _ satisfied), from which we obtain
;t 8 1 3
,0 f(g %) 3 (%) M(= %) -S-C
g
2
1 8.3 5 1 .,8.2 1 3
| Sl gtz 3
W
)
: 18
*5,: “Ts0 ¢ ¢ 0
‘0
“
‘e 8 .
so that t" < 5 g < . Hence we have from Theorem 3.1 that the solution is
“‘ — ~ L 2 3
».-;. unique in s C 8§ = S(xo,t ) N Dg. Under his conditions, D3ring obtained
)
h 6
3 Gn < 5 cn, while we have from Corollary 3.1.1
£
. 8 2
* 1 n
¥ - - ———
& tx -xt <{1+5 (5},
n
:- provided that 6, # 0. This, together with his estimates, leads to another
w egtimate
EA) § 2
! * 6 1 n
x -x1<g {1 +5(-5-€;-) }‘n (n > 0) (4.6)
,4'_)
L 6 1
” $T 8, 8 {1 ( ) }( +gKla _ - 1) _.(n> 1) (4.7)
‘.u
,. ont+t
45 6 1.0 1
.:- 558{14- ( ) }‘s BK)6n1(n>1) ' (4.8)
;‘ where we have used the inequalities
b
Ky s, 8 4.2 §,.2"
D) e
j. :: which can be proved as follows:
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&
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'
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B
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dn = X4 < X,

-1 1., 2
A(xn) {F(xn) - ?(xn-1) - l?'("1'1-1“‘11-1 -2 F (xn-1)dn-1
+(PUx_ ) =~ Alx. ))d . ++F(x a2}
n-1 n-1 n-1 2 n-1" n=1
1 = Al ) WP ) Y-t v ea ) - Pex )a2 | at
hyl n (1] 0 n-1 n=1 n=1 n=-1
4y
1 1
- ]
- * T (NP GFOx ) + a4 e ]
0
" -1 1 2
= - . - L] - "
:::: A(x )" F (xo)[fo(1 t)T{F"(x__, +td ) ~ F*(x _.)}d._, at
QQ.
Iy
sdremix T E(x ) L F(x A ]
K 4 n-1"" n-1 n-1" n=1 n=-1" n=1
“
‘o& Hence
-i:.‘ 1,01
LX) - - [ ] - 2
g 8, ¢ mate )T (fq=ea{emie 4 wAE ) - £7(e )} Ak )at
: ] 2
1 .. 2 -2 2./ n=1
h s e 0% 7 et 0% ()
L] n=-1
L
i = =alt ) TH{E() - £(t__ ) - £'(t__ At -~ £7(t__) (At )
n n n=1 n=-1 n=1 2 n-1 n=1
%
-:' 1 9.2
' ' - J g =l
: e ) - ale )t 4o f “n-1’°‘n-1](un_ )
i
. = -a(t ) ee )(M__ )
oy
o s 2
] n-1
v = (tn+1 - tn)(r) e n21
;“ n-1
% 23* 5,2,
f; Consequently, if («ATJ—) 3-3- for § =0 or =1, or (?2) isr
n-j
E& then (4.6) - (4.8) improve (4.3) - (4.5).
o For example, consider the simple example F(x) = x3 -10, X = R, Xq = 2,
!..
::. which was given by DSring (4]. Then, we have
S
‘I
;::
”
¥
I
b -14-
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1
6

-1 -1 1
g = JEtxg) Pix)| =g M= [PNUx)) x| =1, N=3

2 1 2
x = X $—, t B c———— i —
1t~ % 13 1_%!‘; 1

so that
(6_0)4 - (11)4 <2,
t1 13 3
Therefore, (4.7) and (4.8) are sharper than (4.4) and (4.5) for every n > 1.

Furthermore, according to Remark 3.1, we can improve the bounds (4.6) - (4.8) by

choosing

- - - 1,1 8 2 28
N"N:C'Coﬂ"c-(g g-NC) 15(2“) .
FPor such a choice, we have
- 4 15 60 152
€ = 1= "~ 76 ' = " 795
1- E'MC t1

so that we obtain from (4.8)

5§ 8
* 6 1,70y 1,1 1, 2,3 -11
x - x,l < z8,{1 +5(E-) }(-s-n + £ B,K8] < 7.994 x 10 '
1

while (4.5) gives us

*

1x" - x1 < 9.98x 10”1
2 =

(cf. Ddring [4; Table 2}]).
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